Abstract. We show that the common theory of all modules over a canonical algebra of tubular type (over a recursively given algebraically closed field) is decidable. This result supports a long standing conjecture of Mike Prest which says that a finite-dimensional algebra (over a recursively given field) is tame if and only its common theory of modules is decidable [Pre88] . These are the first examples of non-domestic algebras which have been shown to have decidable theory of modules.
Introduction
The study of the decidability and undecidability of theories of modules over finite-dimensional algebras began with papers of Baur which showed that the 4-subspace problem is decidable [Bau80] and that the 5-subspace problem is undecidable [Bau75] (also see [SF75] ). For a given ring R, the theory of R-modules is said to be decidable if there is an algorithm that decides whether a given first order sentence in the language of R-modules is true in all R-modules. It follows easily from the results of Baur that the theory of modules over the path algebras of D 4 (in subspace orientation) is decidable and that the theory of modules over the path algebra of D 5 (in subspace orientation) is undecidable. Geisler [Gei94] and Prest [Pre85] showed that the theory of modules over all tame hereditary algebras (over recursive fields with splitting algorithms) is decidable. In the converse direction, Prest showed that the theory of modules of strictly wild algebras is undecidable [Pre96] and thus all wild finite-dimensional hereditary algebras have undecidable theories of modules. Improving this result, the author, together with Prest, has shown that, over an algebraically closed field, all (finitely) controlled wild algebras have undecidable theories of modules [GP15] . Note that at this time there is no known finite-dimensional algebra (over an algebraically closed field) which is wild but not (finitely) controlled wild. Indeed, Ringel has conjectured that all wild algebras (over algebraically closed fields) are controlled wild. Toffalori and Puninski [PT09] have worked on the problem of classifying finite commutative rings which have decidable theories of modules, which of course includes all commutative finite-dimensional algebras over finite fields.
The main result of this paper is the following.
Theorem. Let R be a canonical algebra of tubular type over a recursive algebraically closed field. The common theory of R-modules is decidable.
Our result supports the following long standing conjecture of Mike Prest.
Conjecture. [Pre88]
Let R be a finite-dimensional algebra over a suitably recursive field. The theory of R-modules is decidable if and only if R is of tame representation type.
Canonical algebras of tubular type are finite-dimensional non-domestic tame algebras of linear growth. These are the first examples of non-domestic algebras which have been shown to have decidable theory of modules. A finite-dimensional k-algebra is of tame representation type if for each dimension d, almost all d-dimensional modules are in µ(d) ∈ N many 1-parameter families. An algebra is of domestic representation type if there is a finite bound on µ(d). So, the module categories of non-domestic algebras are significantly more complex than those of domestic representation type.
Canonical algebras of tubular type are part of a wider family of finitedimensional algebras, the tubular algebras. These were introduced by Ringel in [Rin84] . Our results in fact get very close to proving that all non-domestic tubular algebras have decidable theory of modules (see 9.2). Our methods for proving our main result are inspired by results of Harland and Prest in [HP15] , an understanding of the Ziegler topology for modules of a fixed rational slope, decidability for tame hereditary algebras and decidability of Presburger arithmetic. We also give counter-examples to corollary 8.8 of [HP15] and provide a best possible replacement 7.9.
Background
If R is a ring then we write mod − R for the category of finitely presented right R-modules, Mod−R for the category of all right R-modules and ind−R for the set of isomorphism classes of finitely presented right R-modules. We start this section by introducing tubular algebras. We won't give the definition of a tubular algebra, for this see [Rin84, Chapter 5] or [SS07b, XIX 3 .19], instead we will describe their module categories. If X is a class of modules then we write (M, X ) = 0 (respectively (X , M ) = 0) to mean that (M, X) = 0 (respectively (X, M ) = 0) for all X ∈ X . Let R be a finite-dimensional algebra, let S 1 , . . . , S n be the simple modules over R and for 1 ≤ i ≤ n, let P i be the projective cover of S i . If M is a finite-dimensional module over R then we call dimM = (Hom R (P 1 , M ), . . . Hom R (P n , M )), the dimension vector of M . The Grothendieck group, K 0 (R), of a finite-dimensional algebra is the abelian group generated by the isomorphism classes . All finite-dimensional modules over tubular algebras either have injective dimension ≤ 2 and projective dimension ≤ 2. This means that dim Ext n (−, −) terms for n > 2 are zero. Define χ R (x) := x, x . We call an element x ∈ K 0 (R) radical if χ(x) = 0 and a root if χ(x) = 1. We denote the subgroup of radical vectors radχ. If R is a tubular algebra then there exists a canonical pair of linearly independent radical vectors h 0 , h ∞ which generate a subgroup of radχ of finite index [Rin84, Section 5.1]. For finite-dimensional indecomposable modules M over R we define the slope of M to be
For q ∈ Q ∞ 0 1
, let T q be the set of isomorphism classes of indecomposable finite-dimensional modules of slope q. Let P 0 be the preprojective component (the indecomposable finite-dimensional modules M with h 0 , dimM < 0 and h ∞ , dimM ≤ 0) and let Q ∞ be the preinjective component (the indecomposable finite-dimensional modules M with h 0 , dimM ≥ 0 and h ∞ , dimM > 0).
1 By Q ∞ 0 we mean the non-negative rational together with a maximal element ∞ Theorem 2.1. [Rin84] Let R be a tubular algebra. The set of indecomposable finite-dimensional modules is P 0 ∪ {T q | q ∈ Q ∞ 0 } ∪ Q ∞ where each T q is a tubular family separating P q := P 0 ∪ {T q ′ | q ′ < q} from Q q := {T q ′ | q ′ > q} ∪ Q ∞ .
All finite-dimensional indecomposable modules of strictly positive rational slope have projective and injective dimensions less than or equal to 1. Thus for those modules −, − := dim Hom(−, −) − dim Ext(−, −).
We say a vector x = (x 1 , . . . , x n ) ∈ K 0 (R) is positive if x i ≥ 0 for 1 ≤ i ≤ n and there exists 1 ≤ i ≤ n such that x i > 0. We say x is connected if its support is connected in the underlying quiver of R. In [Rin84, 5.2.6, pg 278], Ringel shows that, when R is a tubular algebra, mod − R is controlled by χ, that is for any positive connected root vector x ∈ K 0 (R), there is a unique indecomposable module X ∈ mod − R with dimX = x, for any positive connected radical vector x ∈ K 0 (R) there is an infinite family of indecomposable modules with dimX = x and further that the dimension vector of any indecomposable finite-dimensional module is either a (positive connected) radical vector or a (positive connected) root. If R is a finite-dimensional k-algebra and M is a right (respectively left) R-module then we write M * for its k-dual the left (respectively right) Amodule Hom(M, k).
Remark 2.2. Let R be a tubular algebra. If M is a finite-dimensional indecomposable with slope a then the slope of M * is 1/a, here we read 1/0 as ∞ and 1/∞ as 0. If M is preprojective (respectively preinjective) then M * is preinjective (respectively preprojective).
The definition of slope on finite-dimensional indecomposable modules is extended to infinite-dimensional modules by Reiten and Ringel in [RR06] as follows.
. We say a module M is of slope r if (M, P ) = 0 and (Q, M ) = 0 for all P ∈ P r and Q ∈ Q r . This is equivalent to saying that M ⊗ P * = 0 and (Q, M ) = 0 for all P ∈ P r and Q ∈ Q r .
It is shown in [RR06] that all indecomposable modules except for the finitedimensional preprojectives and preinjectives have a slope. We now recall some concepts and results from model theory of modules; the necessary background can be found in [Pre09] or [Pre88] . A pp-n-formula is a formula in the language L R = (0, +, (·r) r∈R ) of (right) R-modules of the form ∃y(x, y)H = 0
2 By R ∞ 0 we mean the non-negative reals together with a maximal element ∞ where x is a n-tuple of variables and H is an appropriately sized matrix with entries in R. If ϕ is a pp-formula and M is a right R-module then ϕ(M ) denotes the set of all elements m ∈ M n such that ϕ(m) holds. Note that for any module M , ϕ(M ) is a subgroup of M n equipped with the addition induced by addition in M . We identify two pp-formulas if they define the same subgroup in every R-module, equivalently in every finitely presented R-module [Pre09, 1.2.23]. After apply this identification, for each n ∈ N the set of (equivalence classes of) pp-n-formulas forms a lattice with the order given by implication, i.e. ψ ≤ ϕ if and only if ψ(M ) ⊆ ϕ(M ) for all R-modules M . The meet of two pp-n-formulas ϕ, ψ is given by ϕ ∧ ψ and the join is given by ϕ + ψ. If M is finitely presented module and m ∈ M n then there is a pp-n-formula ϕ which generates the pp-type of m in M , that is, for all pp-formulas ψ, ψ ≥ ϕ if and only if m ∈ ψ(M ). Conversely, if ϕ is a pp-n-formula, then there exists a finitely presented module M and m ∈ M n such that ϕ generates the pp-type of m in M . We call M together with m a free-realisation of ϕ.
For proofs of these assertions and more about free-realisations, see
A functor from Mod − R to Ab is said to be coherent if it is additive and if it commutes with products and direct limits. Every pp-pair gives rise to a coherent (additive) functors ϕ/ψ : Mod − R → Ab by sending M ∈ Mod − R to ϕ(M )/ψ(M ). All coherent functors arise in this way. Moreover these are exactly the functors F such that there exist A, B ∈ mod − R and f : B → A such that
For example the functors (M, −) and −⊗M are coherent when M is finitelypresented and hence equivalent to functors defined by pp-pairs. A definable subcategory of Mod − R is a subcategory which is closed under pure-submodules, taking direct limits and products. Equivalently, see [Pre09, 3 .47], a full subcategory D of Mod − R is a definable subcategory if there is a set of pp-pairs Ω such that M ∈ D if and only if ϕ(M ) = ψ(M ) for all ϕ/ψ ∈ Ω. Let R be a tubular algebra and r ∈ R ∞ 0 . Since − ⊗ P * is a coherent functor for each finite-dimensional P and (Q, −) is a coherent functor for each finitedimensional Q, the class of all modules of slope r is a definable subcategory which we denote D r . Let R be a ring. An embedding of R-modules f : M → N is pure if for every pp-1-formula ϕ, f (ϕ(M )) = ϕ(N ) ∩ f (M ). A right R-module M is pure-injective if it is injective over all pure-embeddings. 
Thus, the closed subsets of Zg R correspond to definable subcategories of Mod − R. Let R be a tubular algebra and r ∈ R ∞ 0 . We denote the set of all indecomposable pure-injectives of slope r by C r . Let D r be the corresponding definable subcategory. For each rational q ∈ Q +3 the indecomposable pure-injective modules in D q have been completely described.
Lemma 2.4. [Har11, Lemma 50] The following is a complete list of the indecomposable pure-injective modules in D q :
(1) The modules in T q (2) A unique Prüfer module S[∞] for each quasi-simple S in T q (3) A unique adic module S for each quasi-simple S in T q (4) The unique generic module G q
In section 4 we will describe the topology on C q for q ∈ Q + . For r ∈ R +4 irrational this has already been done in [HP15] .
Theorem 2.5. [HP15, Theorem 8.5] Let R be a tubular algebra and r ∈ R + irrational. The definable subcategory D r has no non-trivial proper definable subcategories.
Since the closed subsets of Zg R correspond to definable subcategories of Mod − R this means that, up to topological indistinguishability, there is exactly one point in C r for r ∈ R + irrational. In section 6 we will use Prest's elementary duality for pp-formulas and Herzog's elementary duality for the Ziegler spectrum in order to transfer results about
A duality between the lattice of right pp-n-formulae and the lattice of left pp-n-formulae was first introduced by Prest [Pre88, Section 8.4] and then extended by Herzog [Her93] to give an isomorphism between the lattice of open set of the left Ziegler spectrum of a ring and the lattice of open sets of the right Ziegler spectrum of a ring.
3 By Q + we mean the strictly positive rationals 4 By R + we mean the strictly positive reals Definition 2.6. Let ϕ be a pp-n-formula in the language of right R-modules of the form ∃ȳ(x,ȳ)H = 0 wherex is a tuple of n variable,ȳ is a tuple of l variables, H = (H ′ H ′′ ) T and H ′ (respectively H ′′ ) is a n × m (respectively l×m) matrix with entries in R. Then Dϕ is the pp-n-formula in the language of left R-modules ∃z
Similarly, let ϕ be a pp-n-formula in the language of left R-modules of the form ∃ȳ H x y = 0 wherex is a tuple of n variable,ȳ is a tuple of l variables, H = (H ′ H ′′ ) and H ′ (respectively H ′′ ) is a m × n (respectively m×l) matrix with entries in R. Then Dϕ is the pp-n-formula in the language
Note that the pp-formula a|x for a ∈ R is mapped by D to a formula equivalent with respect to T R to xa = 0 and the pp-formula xa = 0 for a ∈ R is mapped by D to a formula equivalent with respect to T R to a|x. It is unknown whether this lattice isomorphism always comes from a homeomorphism or even if this map always comes from a homeomorphism between Zg R and R Zg after identifying topologically indistinguishable points in both spaces.
The lattice isomorphism between open sets in Zg R and open sets in R Zg gives rise to a lattice isomorphism between the lattices of closed sets.
Remark 2.9. Under the lattice isomorphism D, C 0 in Zg R is sent to C ∞ in R Zg. This follows from the proofs of 3.8 and 3.9 in section 3 and 2.2. Lemma 2.10. [Pre09, 1.3.13] Let R be a finite-dimensional k-algebra. Let ϕ/ψ be a right pp-pair and M a right R-module.
Let ϕ/ψ be a pp-n-pair and n ∈ N. There is a sentence, |ϕ/ψ| ≥ n in the language of (right) R-modules, which expresses in every R-module M that the quotient ϕ(M )/(ϕ ∧ ψ)(M ) has at least n elements. Such sentences will be referred to as invariant sentences.
Theorem 2.11 (Baur-Monk Theorem).
[Pre88] Let R be a ring. Every sentence χ ∈ L R is equivalent to a boolean combination of invariant sentences.
If R is an algebra over an infinite field then for all pp-pairs ϕ/ψ and all Rmodules M , |ϕ(M )/ψ(M )| is either equal to one or infinite. This is because if M is a module over a k-algebra then ϕ(M ) and ψ(M ) are k-vector subspaces of M n and thus so is ϕ(M )/ψ(M ).
A recursive field is a field k together with a bijection with N such that addition and multiplication in the field induce recursive functions on N via this bijection. If R is a finite-dimensional algebra over a recursive field then the theory of R-modules is recursively axiomatisable i.e. we can effectively list axioms for the theory of R-modules. In this situation we may use the so called proof algorithm, which list all sentences that are true in all R-modules by listing all formal proofs in first order logic from the axioms for the theory of R-modules.
5
. With the proof algorithm in hand we may then compute for each sentence Θ a a Boolean combination χ of invariant sentences that is equivalent to Ω: In the list of formal proofs we search for entries of the form Ω ↔ χ for some Boolean combination of invariant sentences χ. By Baur-Monk the search terminates. Thus, given a finite-dimensional algebra R over an algebraically closed recursive field k, in order to show that the theory of R-modules is decidable it is enough to show that there is an algorithm which, given a boolean combination χ of invariant sentences of the form |ϕ/ψ| > 1, answers whether there is an R-module in which χ is true. If χ is a boolean combination of invariants sentences, we can put it into disjunctive normal form n i=1 χ i where each χ i is a conjunction of invariants sentences and negations of invariants sentences. It is therefore enough to be able to check whether one of the χ i is true in some R-module. Suppose χ is of the form
where ϕ i /ψ i and σ j /τ j are pp-1-pairs. Since every module is elementary equivalent to a (possibly infinite) direct sum of indecomposable pure-injective modules [Pre88, 4.36] and solution sets of pp-formulas commute with direct sums, there is an R-module M which satisfies χ if and only if there are indecomposable pure-injective R-modules M 1 , . . . , M n such that M i satisfies
The existence of such an algorithm may be found in any standard source on first order logic, e.g. [End01] for each 1 ≤ i ≤ n. Thus, it is enough to show that there is an algorithm which given pp-1-pairs, ϕ/ψ, ϕ 1 /ψ 1 , . . . , ϕ n /ψ n answers whether
An interpretation functor, I : Mod − R → Mod − S, is specified (up to equivalence) by giving a pp-m-pair ϕ/ψ and, for each s ∈ S, a pp-2m-formula ρ s such that, for all M ∈ Mod − R, the solution set
as an abelian group, and such that ϕ(M )/ψ(M ), together with the ρ s actions, is an S-module (see [Pre97] or [Pre09, 18.2.1]). An interpretation functor I : Mod − R → Mod − S gives rise to a mapping χ → χ ′ from the set of sentences in the language of S-modules to the set of sentences in the language of R-modules such that χ is true for all modules in the image of I if and only if χ ′ is true for all R-modules.
Basic calculations
Let k be a recursive field. In this section we list basic operations that can be carried out effectively over k which we will need later in the paper. We will sketch proofs of some of the less trivial operations.
Remark 3.1. Given a finite subset S of k n and v ∈ k n we can effectively calculate a basis for SpanS, decide whether v ∈ SpanS and find a basis for a complement of SpanS. Hence we can effectively calculate the dimension of SpanS.
Remark 3.2. Given a matrix M ∈ M n×l (k) we can effectively find a basis for the kernel of M in k n and the image of M in k l when considering M as a linear map from k n to k l . Hence we can calculate the rank of M .
Let R be a finite-dimensional algebra with k-basis r 1 = 1, . . . , r s . Let α k ij ∈ k be such that r i r j = s k=1 α k ij r k . These relations and that r 1 , . . . , r s is a kbasis for R completely define R as a k-algebra. An R-module M is now given by a k-vector space V together with linear maps 
. . , A s ) is a presentation of an R-module then we write
for the R-module it represents.
Remark 3.3. Let R be a finite-dimensional k-algebra with k-basis r 1 , . . . , r s . Given presentations of R-modules (k n , A 1 , . . . , A s ) and (k l , B 1 , . . . , B s ) we can effectively calculate a basis for the subspace
Note that this set is Hom(M (A 1 , . . . , A s ), M (B 1 , . . . , B s )) in terms of matrices with respect to the standard basis.
From now on we will assume that k is a recursive algebraically closed field and that R is a finite-dimensional algebra over k given in terms of a k-basis r 1 , . . . , r s and relations.
Lemma 3.4. Given a presentation (k n , A 1 , . . . , A s ) of an R-module M , we can effectively decide whether M is indecomposable or not. If M is decomposable then we can effectively find non-zero pair-wise disjoint A 1 , . . . , A sinvariant subspaces V 1 , . . . , V m of k n such that each V i with the restricted action of A 1 , . . . A s is indecomposable as an R-module and such that
Proof. First we effectively find a basis for End R (M ). That is we find a basis T 1 , . . . , T l for the subspace
We may assume T 1 is the identity matrix. Now M is indecomposable if and only if End R (M ) has no idempotents apart from 0 and 1. For a 1 , . . . , a l ∈ k, the condition that a 1 T 1 + . . . + a l T l is idempotent is equivalent to a = (a 1 , . . . , a l ) being a root of a particular system of polynomial equations with coefficients in k (and we can find this system effectively). Using effective quantifier elimination for algebraically closed fields, we can thus decide whether the is (a 1 , . . . , a l ) ∈ k is such that a = 0, a = (1, 0, . . . , 0) and a 1 T 1 + . . . + a l T l is idempotent. Thus, given a presentation of a finite-dimensional R-module, we can effectively decide if it is indecomposable or not. Supposing that we know that M is not indecomposable we may now search for an idempotent e represented by a 1 T 1 + . . . + a l T l in End R (M ) which is not the identity or zero. We know we will eventually find one because M is not indecomposable. Now M = eM ⊕ (e − 1)M and we can easily use our presentation of M to get presentations of eM and (e − 1)M . If either eM or (e−1)M is decomposable then we may repeat the process eventually stoping when we get a decomposition of M into indecomposable summands.
Lemma 3.5. There is an algorithm which lists the indecomposable finitedimensional representations of R.
Proof. Given 3.4, it is enough to be able to effectively decide if, given two presentations (k n , A 1 , . . . , A s ) and (k n , B 1 , . . . , B s ) of indecomposable R-modules M and N , M is isomorphic to N .
We can compute a basis T 1 , . . . , T l for
and S 1 , . . . , S l for
. . , A n ) and M (B 1 , . . . , B n ) are isomorphic if and only if there exist t 1 , . . . , t l ∈ k and s 1 , . . . , s l ∈ k such that (
This can be expressed as a system of polynomial equations over k in t 1 , . . . , t l , s 1 , . . . , s l and thus we may check, using effective quantifier elimination for algebraically closed fields, whether it has a solution or not.
Lemma 3.6. Given a presentation of a finitely presented R-module M and a pp-pair ϕ/ψ we can effectively decide whether ϕ/ψ is open on M or not.
Proof. Given a pp-n-formula ϕ we can calculate the dimension as a k-vector space of the solution set of ϕ in M n as follows. Suppose ϕ is
Lemma 3.7. Given a presentation of a finite-dimensional module M we can effectively find a pp-n-formula generating the pp-type of a generating tuple for M .
Proof. Let (k n , A 1 , . . . , A s ) be a presentation of M and let e = (e 1 , . . . , e n ) be the n-tuple of standard basis vectors for k n . We need to write down finitely many linear equations over R which describe the linear relations over R which e satisfies. We can do this by describing a system of finitely many linear equations over k which describe the linear relations between the vectors e i Aj in k n .
Lemma 3.8. Given a presentation of a finite-dimensional module M we can effectively find a pp-n-pair ϕ/x = 0 such that the functor (M, −) is equivalent to the functor defined by ϕ/x = 0.
Proof. Given a presentation (k n , A 1 , . . . , A s ) of M , by lemma 3.7, we can effectively find a pp-n-formula generating the pp-type of the standard basis for k n in M .
Lemma 3.9. Given a presentation of a finite-dimensional module M we can effectively find a pp-n-pair x = x/ψ such that the functor − ⊗ M * is equivalent to the functor defined by x = x/ψ. Lemma 3.10. Given a presentation of a finitely presented R-module M we can calculate its dimension vector. Hence, given a presentation of a finitely presented indecomposable R-module M over a tubular algebra R, we can calculate the slope of M .
Proof. If ϕ is a pp-formula then
Proof. That we can calculate the dimension vector of a module now follows directly from 3.3.
Corollary 3.11. We can list presentations of the finite-dimensional indecomposable modules of slope q. We can list the quasi-simples of slope q.
Proof. The quasi-simples of slope q are just those modules of slope q with 1-dimensional endomorphism ring.
Lemma 3.12. Given a quasi-simple S of slope q, we can list the finitedimensional modules in the ray starting at S and in the coray starting at S Proof. Look for M indecomposable of slope q with Hom(S, M ) = 0 (respectively Hom(M, S) = 0). Lemma 3.13. There is an algorithm, which given a presentation of a finitedimensional indecomposable R-module M , outputs a pp-1-pair ϕ/ψ isolating M in Zg R .
Proof. Given a finite-dimensional indecomposable module M over a finitedimensional algebra, [But80] gives a method of effectively constructing an almost split sequence
Pick m ∈ M non-zero and calculate ϕ generating the pp-type of m and ψ generating the pp-type of f (m). Then ϕ/ψ isolates M (see [Pre09, Theorem 5.3 .31]). By 3.7 we can effectively find a pp-formula ψ(x) generating the pp-type of the standard k-basis (e 1 , . . . , e n ) of M . The pp-type of m is ∃y (ϕ(y)
e i a i . Thus we can effectively find a pp-formula generating the pp-type of m.
Lemma 3.14. Given presentations of finitely many finite-dimensional indecomposable modules X 1 , . . . , X m and a pp-1-pair ϕ/ψ we can effectively find pp-pairs
Proof. Suppose we are given presentations of finitely many finite-dimensional indecomposable modules X 1 , . . . , X m . For each j, let {X j } = (σ j /τ j ). By 3.13, we can find σ j /τ j effectively. Since (ϕ/ψ) is compact and the set {X 1 , . . . , X m } is clopen, (ϕ/ψ) \{X 1 , . . . , X m } is compact. Thus there exists pp-pairs ϕ 1 /ψ 1 , . . . , ϕ n /ψ n such that
This is equivalent to ϕ 1 /ψ 1 , . . . , ϕ n /ψ n being such that for all 1 ≤ i ≤ n, X j / ∈ (ϕ i /ψ i ) and
We can now use the proof algorithm and 3.6 to search for ϕ 1 /ψ 1 , . . . , ϕ n /ψ n such that for all 1 ≤ j ≤ m and for all 1 ≤ i ≤ n, X j / ∈ (ϕ i /ψ i ) and
Lemma 3.15. There is an algorithm which given a pp-1-formula ϕ outputs a presentation of a finite-dimensional module M and an element m ∈ M such that (M, m) freely realises ϕ.
Lemma 3.16. There is an algorithm which, given a presentation of a module M and an element m, outputs a presentation of M/mR.
Proof. We are using the fact that given a finite subset L of k n we can algorithmically find a basis for SpanL and a basis for a complement of SpanL. Let (k n , A 1 , . . . , A s ) be a presentation for M and identify m with its image in k n with respect to this presentation. Find a basis e 1 , . . . , e t for Span{m, mA 1 , . . . , mA s } and a basis for a complement f 1 , . . . , f l of Span{m, mA 1 , . . . , mA s }. By considering the action of A 1 , . . . , A s on f 1 , . . . , f l we get a presentation of M/mR.
Ziegler Spectra of tubes of rational slope
In this section we describe the Ziegler spectrum of D q where q ∈ Q + . That is we describe the induced topology on C q := Zg R ∩ D q by describing the closed subsets of C q .
Recall the complete list of indecomposable pure-injectives of rational slope q from 2.4. We essentially follow Ringel's proof from [Rin98] for tame hereditary algebras.
Proposition 4.1. A subset X of C q is closed if and only if the following hold:
(1) If S is a quasi-simple in T q and if there are infinitely many finite length modules M ∈ X with Hom(S, M ) = 0 then S[∞] ∈ X. (2) If S is a quasi-simple in T q and if there are infinitely many finite length modules M ∈ X with Hom(M, S) = 0 then S ∈ X. (3) If there are infinitely many finite length modules in X or X contains an infinite length module then G q ∈ X.
Lemma 4.2. If X is a closed subset of C q then (1) from 4.1 holds.
Proof. This is clear since the Prüfer module is a direct union of such modules.
Lemma 4.3. If X is a closed subset of C q then (2) from 4.1 holds.
Proof. Suppose X contains infinitely many finite-dimensional modules M with Hom(M, S) = 0. Then each of these M is in the coray starting at S. Therefore S is an inverse limit of these M . So by [BP02, 2.3], S is in the closure of these M .
Lemma 4.4. If X is a closed subset of C q then (3) from 4.1 holds.
Proof. By [Kra98, 8 .10] we know that the generic is in the closure of every adic and every Prüfer. If X contains infinitely many modules from any particular tube then, by (1) and (2), X contains an adic or a Prüfer, so contains the generic. Otherwise X contains infinitely many finite-dimensional modules with pairwise different quasi-simple socles. Let {N i | i ∈ I} be such a set. Then as in proposition 5 of [Rin98] , Z = N i /⊕N i has the property that for all quasi-simple modules S of slope q, Hom(S, Z) = 0 and Ext(S, Z) = 0. Since Ext(S, Z) = 0 for all quasi-simples in T q and Hom(Q q , Z) = 0, by [RR06, Theorem 6.4], Z is a direct sum of Prüfer and generic modules. Since Hom(S, Z) = 0 for all quasi-simples of slope q, Z has no Prüfer module as a direct summand. Thus, the definable subcategory generated by the N i contains the generic module and so the closure of
Proof of 4.1. The proof of proposition 4.1 now is the same as Ringel's proof for tame hereditary algebras but working inside D q .
Definition 4.5. Let E be a quasi-simple of slope q and i ∈ N. Let In this section, we present an algorithm which, given n + 1 pp-pairs ϕ/ψ, ϕ 1 /ψ 1 , . . . , ϕ n /ψ n and q ∈ Q + , answers whether
Note that D q is axiomatised by saying that for each finite-dimensional indecomposable module Q of slope strictly greater than q, the functor (Q, −) is zero on D q and for each finite-dimensional indecomposable module P of slope strictly less than q, the functor − ⊗ P * is zero on D q . Given a presentation of a module M , by lemma 3.8 we can effectively find a pp-n-pair σ/τ such that the functor defined by σ/τ is equivalent to (M, −) and by lemma 3.9 a pp-n-pair σ/τ such that the functor defined by σ/τ is equivalent to − ⊗ M * . By 3.5 and 3.10 we can list the indecomposable finite-dimensional modules of slope < q and those of slope > q. Thus, given q ∈ Q + , we can recursively list sentences which axiomatise D q . Let Σ q be the recursive list of sentences axiomatising D q .
Remark 5.1. Let q ∈ Q + and ϕ/ψ, ϕ 1 /ψ 1 , . . . , ϕ n /ψ n be pp-pairs. Then
if and only if
By compactness, this means that there is some finite subset of Σ ⊆ Σ q such that
We now use the results of the previous section to give canonical forms for compact open subsets of C q .
Lemma 5.2. Each compact open subset U of C q is unique of the form:
Proof. Proposition 4.6 gives us a description of the compact open subsets of C q . We just need to observe that the list above contains no repeats.
Lemma 5.3. There is an algorithm, which given q ∈ Q + and pp-pairs ϕ/ψ, ϕ 1 /ψ 1 , . . . , ϕ n /ψ n , answers whether
Proof. By 3.14, 3.13, 3.9 and 3.8, there is an algorithm which lists pp-pairs defining the open sets of the form F ({X 1 , . . . , X n }), {X}, C(X) and R(X) where X 1 , . . . , X n , X ∈ C q . Thus, since D q is recursively axiomatised, there is an algorithm which given a pp-pair ϕ/ψ, finds a compact open set U such that (ϕ/ψ) ∩ C q = U ∩ C q and such that U is in the canonical form given in 5.2. We now need to take each of the compact open sets of the form F ({X 1 , . . . , X n }), {X}, C(X) and R(X) and write an algorithm which determines whether it is contained in a finite union, W 1 ∪ . . . ∪ W n of some specified other open sets of the form F ({X 1 , . . . , X n }), {X}, C(X) and R(X). Case 0: {X 1 , . . . , X m } ⊆ W 1 ∪ . . . ∪ W n Check directly whether each X i is in some W j . We can do this by 3.6. Case 1: 
. So we just use case 0 to find out whether these are contained in the remaining open sets.
Case 4:
One-point extensions and coextensions
Let T n 1 ,...,nt be the star quiver with t arms of length n 1 , . . . , n t in the "subspace" configuration. A canonical algebra of tubular type is a one-point extension of the tame hereditary path algebra of T n 1 ,...,nt by a quasi-simple module X at the base of a homogeneous tube such that (n 1 , . . . , n t ) ∈ {(3, 3, 3), (2, 4, 4), (2, 3, 6), (2, 2, 2, 2)} [Rin84, pg161]. These algebras may equally well be viewed as one-point coextensions of star path algebras with the "cosubspace" configuration by a quasi-simple module X at the base of a homogeneous tube. Throughout this section A will be the path algebra of a star quiver in subspace configuration as above, X ∈ mod − A will be a quasi-simple at the base of a homogeneous tube and A[X] will be the one-point extension of A by X i.e. the 2 × 2-matrix algebra
The category Mod − A[X] is equivalent to Rep(X), the category of representation of the bimodule k X A and also to, Rep(X), the k-category with objects
, where f 0 : M 0 → N 0 is a k-vector space homomorphism and f 1 : M 1 → N 1 is a A-module homomorphism such that the following square commutes.
Throughout this section we identify representations of A[X] with objects in Rep(X). So, if
This gives us the following two embeddings of Mod − A into Mod − A[X];
and
We also have a functor r :
This functor is right adjoint to F 0 and left adjoint to F 1 . In this section we will see that F 0 and F 1 are interpretation functors whose images are finitely axiomatisable and that every indecomposable pure-injective in P 0 ∪ D 0 is in the union of the images of F 0 and F 1 .
Remark 6.1. Let A be a k-algebra and X a right A-module. The assignment Proposition 6.2. Let A be a k-algebra and X a finitely presented right A-module. The functor F 1 is a full and faithful (left exact) interpretation functor whose image is a definable subcategory (after closing under isomor-
Proof. It is straightforward to see that F 1 is indeed a functor and that it is full, faithful and left exact (see for instance [SS07b, 1.4]). The functor F 1 is an interpretation functor if and only if it commutes with direct limits and products [Pre11, 25.3] . In order to check that F 1 commutes with direct limits and products, it is enough to check that its composition with the forgetful functor from Mod − A[X] to Mod − k commutes with direct limits and products. This follows since Hom(X, −) commutes with direct limits and products. We now show that the image of F 1 is a (finitely axiomatisable) definable
is in the (essential) image of F 1 if and only if Γ L is an isomorphism. Let t 1 , . . . , t n generate X as an A-module. Note that for any δ ∈ L 0 and γ ∈ Hom(X,
Let ψ ∈ pp n R be the pp-formula
Let ϕ generate the pp-type of (t 1 , . . . , t n ) viewed as a tuple from (0, X, 0). Now Let E 0 be the image of the functor F 0 and E 1 be the image of the functor F 1 . We will show, 6.8, that every indecomposable finite-dimensional module of slope 0 is either contained in E 0 or E 1 . Thus, if the finite-dimensional modules of slope 0 are dense in the Ziegler closed subset corresponding to the definable subcategory of slope 0 then all indecomposable pure-injective modules of slope zero are either contained in E 0 or E 1 .
Proposition 6.3. Let R be a tubular algebra. The finite-dimensional indecomposable R-modules of slope zero are dense in the Ziegler closed subset of indecomposable pure-injective modules of slope zero.
Proof. By an argument exactly as the first paragraph of [Pre88, Theorem 13.6] we know that every open set containing a module of slope zero contains a finite-dimensional module of slope greater than or equal to zero. Suppose N is an infinite-dimensional indecomposable module of slope zero and that F is a coherent functor with F N = 0. Let P 2 , P 1 ∈ mod − R be preprojective, T 2 , T 1 ∈ mod − R of slope zero, Q 2 , Q 1 ∈ mod − R of slope greater than zero and f :
be canonical projections and embeddings for i = 1, 2. Let G be a coherent functor such that
Suppose that M is an indecomposable module of slope zero. We show that (π 2 f µ 1 , M ) is surjective if and only if (f, M ) is surjective. That is, we show that F M = 0 if and only if GM = 0.
Since there are no non-zero maps from modules of slope greater than zero to M , for all g ∈ (P 2 ⊕ T 2 ⊕ Q 2 , M ), g = gµ 2 π 2 . So the following diagram commutes.
Moreover, (µ 1 , M ) and (µ 2 , M ) are isomorphisms. Thus g ∈ (P 1 ⊕ T 1 ⊕ Q 1 , M ) is in the image of (f, M ) if and only if gµ 1 is in the image of (π 2 f µ 2 , M ). So for M a module of slope zero, GM = 0 if and only if F M = 0. Now in order to show that there is some L ∈ ind − R of slope zero such that F L = 0, it is enough to show that GL = 0. By the first paragraph, there exists L ∈ mod − R of slope greater than or equal to zero, such that GL = 0. Suppose that the slope of L is greater than zero and let h ∈ (P 1 ⊕ T 1 , L) be such that it doesn't factor through g. Since the finite-dimensional modules of slope zero separate the preprojective modules from those of slope greater than zero, h factors through some direct sum of finite-dimensional modules of slope zero. One of these modules T is such that GT = 0.
We gather together the facts we need in order to show that every finitedimensional module of slope zero over a canonical algebra of tubular type is either in the image of
A finite-dimensional module M over a tame hereditary algebra is regular if there is no non-zero morphisms from P to M when P is preprojective and no non-zero morphism from E to M when E is preinjective.
is finite-dimensional, indecomposable and has slope zero then M 1 is regular. Moreover either M = (0, M 1 , 0) with M 1 indecomposable (and regular) or M 1 is a sum of finitedimensional modules in the same tube as X.
Proof. Suppose P is a preprojective A-module, so Hom(X, P ) = 0. Then Hom A (rM, P ) ∼ = Hom A[X] (M, F 1 P ) = 0 since F 1 P = (0, P, 0) ∈ P 0 . Note that if Q is preinjective over A then (0, Q, 0) has slope greater than zero. This is because dimX, dimQ = dim Hom A (X, Q)−dim Ext A (X, Q) = dim Hom A (X, Q) = 0, since X belongs to a homogeneous tube. Then
So for all preprojective A-modules P , Hom A (rM, P ) = 0 and for all preinjective A-modules Q, Hom A (Q, rM ) = 0. Thus rM = M 1 is regular.
Lemma 6.5. For each i ∈ N,
is an almost split exact sequence, where
Proof. Apply [SS07b, XV 1.6] to the almost split sequence 0
The following lemma is most likely well known but since we couldn't find a reference, we include a proof.
Lemma 6.6. For each i ∈ N,
is an almost split exact sequence.
Proof. We prove this by induction on i. 
. Now suppose that we have proved the assertion of the lemma for all i ≤ n. Suppose that N is an indecomposable non-projective module and that f : .
is an indecomposable projective and
The second possibility can't occur since f 0 = 0.
Proposition 6.9. Every indecomposable pure-injective module of slope zero is either in the image of F 0 or in the image of F 1 . Note that all preprojective modules are in the image of F 0 .
Proof. The pure-injective modules of slope zero form a closed subset C 0 of the Ziegler spectrum. By 6.3, the finite-dimensional indecomposable modules of slope zero are dense in this set. We have shown, 6.1, 6.2, that the images of F 0 and F 1 are definable subcategories. Let A 0 and A 1 be their images in Zg A[X] intersected with C 0 , note that both A 0 and A 1 are closed. Since all finite-dimensional points of slope zero are contained in either A 0 or A 1 the closure of A 0 ∪ A 1 is C 0 . Thus A 0 ∪ A 1 = C 0 as required.
We now use the above to provide an algorithm which given pp-pairs ϕ/ψ, ϕ 1 /ψ 1 , . . . , ϕ n /ψ n answers whether there is a preprojective or module of slope zero in (ϕ/ψ) but not in n i=1 (ϕ i /ψ i ). Proposition 6.10. Let A be a tame hereditary algebra and A[X] be a canonical algebra both over a recursive algebraically closed field. There is an algorithm which given pp-pairs ϕ/ψ, ϕ 1 /ψ 1 , . . . , ϕ n /ψ n answers whether there is an indecomposable pure-injective module N such that N ∈ (ϕ/ψ) ∩ (E 0 ∪ E 1 ) and N / ∈ n i=1 (ϕ i /ψ i ) ∩ (E 0 ∪ E 1 ). Proof. If N ∈ P 0 ∪ C 0 then N ∈ E 0 or N ∈ E 1 . We now describe how to effectively check whether there is an N ∈ E 0 such that N ∈ (ϕ/ψ) and
Given a pp-pair ϕ/ψ we can effectively translate this to a pp-pair σ/τ in the language of A-modules via F 0 such that N ∈ (σ/τ ) if and only if F 0 N ∈ (ϕ/ψ). Since the common theory of modules over a tame hereditary algebra is decidable ([Gei94]) we can answer whether one Ziegler basic open set over A is contained in a finite union of other specified Ziegler open sets over A. The argument is exactly the same for E 1 .
We now deal with the preinjective component and modules of slope ∞. If R is a canonical algebra of tubular type then R op is also a canonical algebra of the same tubular type as R. This can be easily seen from the original definition of canonical algebra [Rin84, pg 161] . We have shown 6.3 that the finite-dimensional indecomposable R-modules of slope zero are dense in C 0 . Using elementary duality, this implies the same result for C ∞ .
Proposition 6.11. Let R be a tubular algebra. The finite-dimensional indecomposable R-modules of slope infinity are dense in the definable subcategory of modules of slope infinity.
Proof. Suppose that N ∈ C ∞ and N ∈ (ϕ/ψ). By 2.10 and 2.9, Hom(N, k) ∈ D 0 and Hom(N, k) ∈ (Dψ/Dϕ). Thus, by 6.3, there is an indecomposable finite-dimensional module M of slope zero such that M ∈ (Dψ/Dϕ). Now Hom(M, k) ∈ (ϕ/ψ) and is an indecomposable finite-dimensional module of slope infinity.
If E is a definable subcategory of Mod − R such that E := {N ∈ Mod − R | ϕ i (N ) = ψ i (N ) for all i ∈ I} then let DE be the definable subcategory of Mod−R op such that DE := {N ∈ Mod−R op | Dϕ i (N ) = Dψ i (N ) for all i ∈ I}.
Lemma 6.12. Let A be a tame hereditary algebra and R := A[X] be a tame canonical algebra. Every indecomposable pure-injective module of slope infinity and every indecomposable preinjective module over R op is in
Proof. This is true for all finite-dimensional modules by 2.2. So by 6.11, this is also true for all indecomposable pure-injectives of slope infinity.
If R is a tame canonical algebra then let E ′ 0 (respectively E ′ 1 ) be DE 1 (respectively DE 0 ) where E 0 and E 1 are the images of F 0 (respectively F 1 ) as functors to Mod − R op . Lemma 6.13. Let ϕ/ψ, ϕ 1 /ψ 1 , . . . , ϕ n /ψ n be pp-pairs over R. There exists an indecomposable pure-injective R-module N ∈ E 0 ∪E 1 such that N ∈ (ϕ/ψ) and N / ∈ (ϕ i /ψ i ) if and only if there exists a indecomposable pure-injective
Then Hom(L, k) is in the definable category E 0 ∪ E 1 and Hom(L, k) opens Dψ/Dϕ but not Dψ i /Dϕ i for any 1 ≤ i ≤ n. Therefore there is an indecomposable pure-injective module M over R op in E ′ 0 ∪ E ′ 1 which is in (Dψ/Dϕ) but not in
The reverse direction is proved symmetrically.
Corollary 6.14. Let A be a tame hereditary algebra and A[X] be a canonical algebra of tubular type over a recursive algebraically closed field. There is an algorithm which given pp-pairs ϕ/ψ, ϕ 1 /ψ 1 , . . . , ϕ n /ψ n answers whether there is an indecomposable pure-injective module N such that
Corrections to a paper of Harland and Prest
We start by correcting some statements in section 3 of [HP15] . We then give a counter-example to [HP15, corollary 8.8]. We prove a replacement 7.9 of [HP15, corollary 8.8] and give examples to show that this result is best possible. Although the replacement of corollary 8.8 will not be used in later sections, many statements in this section will be needed. In [HP15] , it is claimed that for a, b ∈ R + the set of modules which are direct limits of finite-dimensional modules with slope in the interval (a, b) is a definable subcategory of Mod − R, in [HP15] this is called the set of modules supported on (a, b). This is false for a, b ∈ Q + . The problem is, that although the set of modules supported on (a, b) is a definable category by [Len83, 2.1], it is not a definable subcategory of Mod − R.
Using the terminology of [HP15] , the set of modules lying over (a, b), i.e. those modules M such that M ⊗ P * = 0 for all finite-dimensional P of slope less than or equal to a and (P, M ) = 0 for all finite-dimensional P of slope greater than or equal to b, is a definable subcategory by definition. However, the description of the indecomposable pure-injectives lying over (a, b) given in [HP15] is not correct. The following proposition corrects this. , containing all finite-dimensional indecomposable modules with slope in (a, b) contains exactly all indecomposable pure-injectives with slope in (a, b) plus,
(1) the Prüfer and generic modules of slope a if a ∈ Q + (2) the adic and generic modules of slope b if b ∈ Q + (3) all indecomposable pure-injective modules of slope a if a / ∈ Q + (4) all indecomposable pure-injective modules of slope b if b / ∈ Q + Before we prove the proposition, we need a few lemmas and to recall a few facts. The following remark will hold for general rings R if Hom(M, k) is replaced an appropriate notion of dual module (see [Pre09] for notions of dual modules in the general context). We will only need it for finite-dimensional k-algebras.
Lemma 7.3. [HP15, 3.4] Suppose that M is an indecomposable module of positive slope r > 0. Then for every ǫ > 0, M is the directed union of its finite-dimensional submodules in (r − ǫ, r], indeed in (r − ǫ, r) in the case that r is irrational.
Lemma 7.4. Let M be a finite-dimensional indecomposable module of slope q ∈ Q + and let E be a quasi-simple of slope q.
Proof. The first two statements are a consequence of [RR06, Theorem 6.4].
The right adic modules of slope q are k-duals of the left Prüfer modules at slope 1/q, the generic module of slope q is the k-dual of the generic module of slope 1/q and k-duality sends finite-dimensional indecomposable modules of slope q to finite-dimensional modules of slope 1/q. Thus, if Hom(M, E) = 0 (respectively Hom(M, G q ) = 0) then Hom(E * [∞], M * ) = 0 (respectively Hom(G 1/q , M * ) = 0). But this can't happen by parts (i) and (ii). proof of 7.1. We give proofs for the case a, b ∈ Q + and the case a, b / ∈ Q + . Note that the definable subcategory D + (a,b) is contained in the definable subcategory of modules M such that (P, M ) = 0 for all finite-dimensional P of slope greater than or equal to b and M ⊗ P * = 0 for all finite-dimensional P of slope less than or equal to a. We will now show that this definable subcategory is in fact D If a ∈ Q + , ǫ ∈ R + and a definable subcategory D of Mod − R contains all finite-dimensional indecomposable modules with slope in (a, a + ǫ) then D contains the generic at a and all Prüfer modules at a. This follows from the above paragraph, since each left adic module at 1/a is equal to the k-dual of some right Prüfer module at a, so, by [Pre09, 1.3.16], every right Prüfer module at a is a pure-submodule of the k-dual of a left adic module at 1/a. Note now that, by 4.1, if any definable subcategory contains either a Prüfer module at slope c or an adic module at slope c then it also contains the generic module at slope c. Thus if a, b are both rational then D + (a,b) contains all pure-injective indecomposables with slope in (a, b), the adic and generic modules at b and the Prüfer and generic modules at a. These are exactly the pure-injective indecomposable modules M such that (P, M ) = 0 for all finite-dimensional P of slope greater than or equal to b and M ⊗ P * = 0 for all finite-dimensional P of slope less than or equal to a. If both a, b are irrational then the situation is much simpler. All indecomposable modules of slope b are direct unions of direct sums of finite-dimensional modules with slope in (a, b) . In order to deal with the a irrational case we use 7.5, which says that if ϕ/ψ is open on some indecomposable pure-injective module of slope a then it is open on all homogeneous tubes with slope in (a, a + ǫ) for some ǫ > 0. Thus if ϕ/ψ is open on some indecomposable pure-injective module of slope a then it is open on some finite-dimensional indecomposable module with slope in (a, b) . So the indecomposables pureinjectives of slope a are in the definable subcategory generated by the finitedimensional indecomposable modules with slope in (a, b) .
We now give a counter-examples to corollary 8.8 of [HP15] . We work over the canonical algebras C(2, 2, 2, 2, λ) because it is comparatively easy to do calculations with them. There are similar counter-examples for all nondomestic tubular algebras. The canonical algebras C(2, 2, 2, 2, λ) are path algebras of the following quiver with relations.
= 0 where λ ∈ k\{0, 1}. We suppress λ in our notation because it has no impact on the examples we give in this section. We say a pp-pair ϕ/ψ is uniformly open at q if ϕ/ψ is open on all finitedimensional indecomposable modules of slope q. We say that ϕ/ψ is uniformly closed at q if ϕ/ψ is closed on all finite-dimensional indecomposable modules of slope q. We say that q is a non-uniform slope for ϕ/ψ if ϕ/ψ is neither uniformly open or closed at q. If X is finite-dimensional then the functor Hom(X, −) is equivalent to a functor given by a pp-pair ϕ/ψ (see 3.8). Below, we give an example of a finite-dimensional module X of slope 1 such that for infinitely many q ∈ Q + there are finite-dimensional indecomposable modules L, M with slope q such that Hom(X, L) = 0 and Hom(X, M ) = 0 thus contradicting corollary 8.8 of [HP15] . 
The Euler bilinear form of A is given by x, y = i∈{0,1,2,3,4,∞}
The associated quadratic form is
The canonical radical vectors are h 0 = (2, 1, 1, 1, 1, 0) and h ∞ = (0, 1, 1, 1, 1, 2).
The slope is defined on dimension vectors by
Since χ(1, 0, 1, 1, 1, 1) = 1, [Rin84, 5.2.6 pg 278], there is a unique indecomposable module X with dimension vector (1, 0, 1, 1, 1, 1 ) and this module lies in an inhomogeneous tube. The slope of X is 1. Claim 1: If (y 0 , y 1 , y 2 , y 3 , y 4 , y ∞ ) is the dimension vector of an indecomposable module Y of rational slope greater than 1, then
(1, 0, 1, 1, 1, 1), (y 0 , y 1 , y 2 , y 3 , y 4 , y ∞ ) = dim Hom(X, Y ) = y ∞ − y 1 .
Proof of claim 1:
Suppose Y is a finite-dimensional indecomposable with rational slope greater than 1. Then Claim 3: For n ∈ N, χ(n, n + 1, n, n, n, n + 1) = 1 and slope(n, n + 1, n, n, n, n + 1) = (2n + 1)/(2n − 1). Claim 4: There are infinitely many q ∈ Q + such that the finitely presented functor Hom(X, −) is neither uniformly zero on all indecomposable finitedimensional modules of slope q nor uniformly non-zero on all indecomposable finite-dimensional modules of slope q. In particular [HP15, Corollary 8.8] is false. In fact the statement does not follow from the argument given there. Proof of claim 4: By claim 2, all modules Y of slope greater than 1 in homogeneous tubes have dim Hom(X, Y ) > 0 and by claim 3, there are indecomposable finite-dimensional modules, [Rin84, 5.2.6 pg 278], with dimension vectors of the form (n, n + 1, n, n, n, n + 1). By claim 1 we know dim Hom(X, Z) = 0 for indecomposable modules Z with dimension vectors (n, n + 1, n, n, n, n + 1) for n ∈ N and the slope of these modules is (2n + 1)/(2n − 1) by claim 3.
Remark 7.8. The example above shows that 1 is an accumulation point of non-uniform slopes for Hom(X, −).
The following theorem is intended as a best possible replacement for [HP15, Corollary 8.8] . After proving the theorem we will indicate why we think it is best possible. From now on R will denote a tubular algebra.
Theorem 7.9. Let ϕ/ψ be a pp-pair and S be the set of slopes q ∈ Q + where ϕ/ψ is neither uniformly open nor uniformly closed at q. The set S has finitely many accumulation points in R, and all these accumulation points are in Q.
The following series of lemmas will be used in the proof of 7.9.
Lemma 7.10. If q ∈ Q + and ϕ/ψ is open on all finite-dimensional modules of slope q in homogeneous tubes then ϕ/ψ is closed on at most finitely many X ∈ ind − R of slope q.
Proof. This follows directly from 4.6.
Lemma 7.11. Suppose that q ∈ Q + , ϕ/ψ is a pp-pair and v ∈ K 0 (R) is such that dim ϕ/ψ(X) = v · dimX for all X ∈ ind − R of slope q. Then ϕ/ψ is either open on all modules in homogeneous tubes of slope q or closed on all modules in homogeneous tubes of slope q.
Proof. Let w be the dimension vector of a finite-dimensional quasi-simple of slope q. Then for all finite-dimensional indecomposable modules X of slope q lying in homogeneous tubes, dimX = n · w for some n ∈ N. Since dim ϕ/ψ(X) = v · dimX for all X ∈ ind − R of slope q, ϕ/ψ is open on all quasi-simples of slope q if v · w > 0 and ϕ/ψ is closed on all quasi-simples of slope q if v · w = 0.
Proposition 7.12. Suppose that q ∈ Q + , ϕ/ψ is a pp-pair and v ∈ K 0 (R) is such that dim ϕ/ψ(X) = v · dimX for all X ∈ ind − R of slope q. If ϕ/ψ is closed on all modules of slope q in homogeneous tubes then ϕ/ψ is closed on all modules of slope q.
Proof. Let E 1 , . . . , E n be the quasi-simples at the mouth of an inhomogeneous tube T (ρ) of slope q. Then dimE 1 +. . .+dimE n is the dimension vector of an indecomposable module in a homogeneous tube with slope q. Thus ϕ/ψ is closed on all modules with dimension vector dimE 1 + . . . + dimE n , so v · (dimE 1 + . . . + dimE n ) = 0. Since v · dimE i ≥ 0 for 1 ≤ i ≤ n, it follows that v · dimE i = 0 for 1 ≤ i ≤ n. Thus v · dimX = 0 for every finitedimensional module in T (ρ). Thus ϕ/ψ is closed on all finite-dimensional indecomposable modules of slope q. So, by 4.1, ϕ/ψ is closed on all modules of slope q. Lemma 7.13. Let a < b ∈ Q ∞ 0 , ϕ/ψ be a pp-pair and suppose there is a v ∈ K 0 (R) such that dim ϕ/ψ(X) = v · dimX for all X ∈ ind − R of slope q ∈ (a, b). If ϕ/ψ is closed on all homogeneous tubes of slope q for some rational q ∈ (a, b) then ϕ/ψ is uniformly closed on all rational slopes in (a, b).
Proof. Let q ∈ (a, b) be such that ϕ/ψ is closed on all homogeneous tubes of slope q. By 7.12, we may assume that ϕ/ψ is uniformly closed at q.
So, since the closed sets C (q−ǫ,q+ǫ) form a chain and (ϕ/ψ) is compact, there exists a δ > 0 such that
Thus ϕ/ψ is closed on
for all X in homogeneous tubes with slope in (a, b) and thus ϕ/ψ is uniformly closed on all rational slopes in (a, b).
Lemma 7.14. If p ∈ Q + is such that ϕ/ψ is closed on just finitely many indecomposable modules of slope p and p is rational then there is an ǫ > 0 such that for all q ∈ (p − ǫ, p + ǫ)\{p}, ϕ/ψ is uniformly open at q.
Proof. Let {Z 1 , . . . , Z n } be the indecomposable modules of slope p which do not open ϕ/ψ. Let σ/τ be a pp-pair such that (σ/τ ) = {Z 1 , . . . , Z n }. Then
Thus Zg R \U ⊆ ∪ ǫ>0 Zg R \C (p−ǫ,p+ǫ) . Since Zg R \U is closed and hence compact, there is an ǫ > 0 such that Zg R \U ⊆ Zg R \C (p−ǫ,p+ǫ) . So C (p−ǫ,p+ǫ) ⊆ U . Thus for all q ∈ (p − ǫ, p + ǫ)\{p}, ϕ/ψ is uniformly open at q.
The following is inspired by [HP15, Theorem 3.2]
Proposition 7.15. Let ϕ be a pp-formula. There is an algorithm which outputs n ∈ N, q 0 = 0 < q 1 < q 2 < . . . < q n < q n+1 = ∞ ∈ Q ∞ 0 and v 1 , . . . , v n+1 ∈ K 0 (R) such that for 0 ≤ i ≤ n, for all finite-dimensional indecomposable modules N with slope in (q i , q i+1 ),
Proof. There is an algorithm, 3.15, which given ϕ outputs a presentation (k n , A 1 , . . . , A s ) of a finite-dimensional module M and an element m ∈ k n such that (M, m) is a free-realisation of ϕ. Note that, [Pre09, Corollary
There is an algorithm, 3.4, which given a presentation of M outputs presentations of its indecomposable factors with multiplicity. From this we can compute the dimension vectors of the indecomposable factors of M and coker(m) with multiplicity. We may now, 3.10, compute the slope of each of the indecomposable factors of M and coker(m). Let q 1 < . . . < q n be the slopes of those indecomposable factors which have slope greater than zero and less than infinity. For 0 ≤ i ≤ n, let w i (respectively u i ) be the sum of the dimension vectors of all indecomposable factors of M (respectively of coker(m)) with slope strictly smaller than q i+1 (equivalently have slope less than or equal to q i ). Since all indecomposable factors of M are either preprojective or have slope less than or equal to q i ,
where S 1 , . . . , S m are the simple modules over R.
Corollary 7.16. Let ϕ/ψ be a pp-pair. There is an algorithm which outputs n ∈ N, q 0 = 0 < q 1 < q 2 < . . . < q n < q n+1 = ∞ ∈ Q ∞ 0 and v 0 , . . . , v n ∈ K 0 (R) such that for all for all finite-dimensional indecomposable modules N with slope in (q i , q i+1 ),
proof of theorem 7.9. By 7.16, it is enough to show that if a < b ∈ Q ∞ 0 and there exists v ∈ K 0 (R) such that for all M ∈ ind − R,
then there are only finitely many accumulation points of non-uniform slopes for ϕ/ψ in (a, b). Lemmas 7.10, 7.11, 7.12 and 7.13 show that either ϕ/ψ is uniformly closed on all rational q ∈ (a, b) or for each rational q ∈ (a, b), ϕ/ψ is open on all but finitely many points of slope q, all of which are finite-dimensional. If ϕ/ψ is uniformly closed on all rational q ∈ (a, b) then ϕ/ψ is closed on all indecomposable pure-injectives with slope in (a, b) . This is because the finite-dimensional indecomposable modules are dense in C (a,b) . If for each rational q ∈ (a, b), ϕ/ψ is open on all but finitely many points of slope q, all of which are finite-dimensional then there are no rational accumulation points in the set of non-uniform slopes for ϕ/ψ between a and b by 7.14. It remains to show that If for each rational q ∈ (a, b), ϕ/ψ is open on all but finitely many points of slope q, all of which are finite-dimensional then there are no irrational accumulation points of non-uniform slopes for ϕ/ψ inside (a, b). Note that if ϕ/ψ is closed on X ∈ ind − R then X is in an inhomogeneous tube. We refer forward to 8.2, noting that there is a finite set of roots of χ such that for all X ∈ ind − R lying in inhomogeneous tubes dimX = y + w where w ∈ radχ. So v · (w + y) = 0. Thus v · w = −v · y. Let g 1 , g 2 generate radχ and note, since ϕ/ψ is open on all homogeneous tubes with slope in (a, b) either vg 1 = 0 or vg 2 = 0. Now w = αg 1 + βg 2 for some α, β ∈ Z, so 0 = v · dimX = αv · g 1 + βv · g 2 + v · y = 0. So, for fixed y ∈ Ω, either v · g 1 = 0 and β is a fixed integer or α = σβ + µ for some σ, µ ∈ Q. In the first case there are fixed rationals c, d, e, f such that the slope of y + αg 1 + βg 2 is of the form (cα + d)/(eα + f ). So as α tends to ±∞, the slope of y + αg 1 + βg 2 tends to a rational or ∞. In the second case there are fixed rationals c, d, e, f such that the slope of y + αg 1 + βg 2 is of the form (cβ + d)/(eβ + f ). So as β tends to infinity, the slope of y + αg 1 + βg 2 tends to a rational or ∞. Since Ω is finite, there are no irrational accumulation points of non-uniform slope for ϕ/ψ in (a, b).
In the above proof we could have replaced the final argument with the following argument using 2.5. We know that if r ∈ (a, b) is irrational and an accumulation point of non-uniform slopes for ϕ/ψ then ϕ/ψ is open on all points in C r . Thus ǫ>0 C (r−ǫ,r+ǫ) = C r ⊆ (ϕ/ψ). So Zg R \(ϕ/ψ) ⊆ ǫ>0 Zg R \C (r−ǫ,r+ǫ) . Since Zg R \(ϕ/ψ) is closed, it is compact. Thus there exists an ǫ 0 > 0 such that Zg R \(ϕ/ψ) ⊆ Zg R \C (r−ǫ 0 ,r+ǫ 0 ) . So C (r−ǫ 0 ,r+ǫ 0 ) ⊆ (ϕ/ψ). So r is not an accumulation point of non-uniform slopes for ϕ/ψ. Some more C(2, 2, 2, 2) examples The exceptional points of a pp-pair are not bounded away from zero The unique indecomposable projective module of slope zero X has dimension vector (2, 1, 1, 1, 1, 1). Thus (2, 1, 1, 1, 1, 1), dimY = dim Hom(X, Y ) for all indecomposable modules Y . A quick calculation shows that (2, 1, 1, 1, 1, 1), (y 0 , y 1 , . . . , y 4 , y ∞ ) = y ∞ .
The modules in the pre-injective component of the path algebra of D 4 with the following orientation have slopes of the form 1/n when embedded into mod − R via the standard embedding. They are exactly the indecomposable finite-dimensional modules M with positive rational slope such that (X, M ) = 0. These modules lie in inhomogeneous tubes, the modules L of slope 1/n lying in homogenous tubes have (X, L) = 0. Thus the set of non-uniform slopes for Hom(X, −) has an accumulation point at zero.
The exceptional points of a pp-pair are not bounded away from ∞ The unique indecomposable injective module of slope ∞ Y has dimension vector (1, 1, 1, 1, 1, 2) . Thus dimX, (1, 1, 1, 1, 1, 2 
Almost all slopes and Presburger arithmetic
By Presburger arithmetic we mean Z equipped with the usual addition and order together with a constant for 0. The theory of Presburger arithmetic is decidable. For more information about Presburger arithmetic see [Mar02] (see [Mar02, 3.1.21] for the proof of decidability).
Lemma 8.1.
For any pure subgroup G of Z n there is an n-formula ∆(x 1 , . . . , x n ) in the language of Presburger arithmetic such that (g 1 , . . . , g n ) is in G if and only if ∆(g 1 , . . . , g n ) holds in Z.
Proof. Let V be the Q-linear span of G as a subset of Q n . Since G is pure, V ∩Z n = G. Since V is a subspace of Q n there is a matrix A with entries from Q such that v ∈ V if and only if vA = 0. By multiplying A by some integer, we may assume that A has integer entries. Now, for any g ∈ Z n , g ∈ G if and only if gA = 0. Let ∆(x 1 , . . . , x n ) be the formula (x 1 , . . . , x n )A = 0. Note that ∆ is a formula without parameters.
Recall [Rin84, 5.2.6, pg 278] that for each q ∈ Q + , if x ∈ K 0 (R), x has slope q, x is positive and connected and χ(x) = 1 then x is the dimension vector of an indecomposable finite-dimensional module of lying in an inhomogeneous tube.
Lemma 8.2. Let R be a tubular algebra. There is a finite subset Ω ⊆ K 0 (R) such that for all x ∈ K 0 (R) with χ(x) = 1, there exists y ∈ Ω such that x − y ∈ radχ.
Proof. Suppose that no such finite set Ω ⊆ K 0 (R) exists. Then there are infinitely many y with χ(y) = 1 all in pairwise distinct cosets of radχ. Note that if λ, µ ∈ Z then h 0 , y + λh 0 + µh ∞ = h 0 , y + µ h 0 , h ∞ and h ∞ , y + λh 0 + µh ∞ = h ∞ , y + λ h ∞ , h 0 . Let a, b ∈ N be such that a = h 0 , h ∞ and −b = h ∞ , h 0 . Thus, there are infinitely many y with χ(y) = 1 in pairwise different cosets of radχ such that 0 < h 0 , y ≤ a and 0 < h ∞ , y ≤ b. Thus, there exists e, f ∈ N 0 such that there are infinitely many y with χ(y) = 1 in pairwise different cosets of radχ such that h 0 , y = e and h ∞ , y = f . Now pick x ∈ radχ sincere with e h ∞ , x = f h 0 , x . Since x is sincere, for any y in our infinite set, there is a c ∈ N 0 such that y + cx is positive and connected; note that e h ∞ , y + cx = f h 0 , y + cx . Thus we have an infinite set of elements z ∈ K 0 (R) such that z is connected, positive, χ(z) = 1 and e h ∞ , z = f h 0 , z all of which are pairwise in different cosets of radχ. This contradicts that fact that for each slope q, R has only finitely many inhomogeneous tubes.
Lemma 8.3. Let R be a tubular algebra. The set of dimension vectors x ∈ K 0 (R) such that χ R (x) = 0 or χ(x) = 1 is definable in the language of Presburger arithmetic. Thus, the set of dimension vectors of finitedimensional indecomposable modules over R is definable in the language of Presburger arithmetic.
Proof. By lemma 8.2, there is a finite subset Ω ⊆ K 0 (R) such that for all x ∈ K 0 (R) with χ(x) = 1, there exists y ∈ Ω such that x − y ∈ radχ. By 8.1 radχ is definable in the language of Presburger arithmetic. Thus, the set of dimension vectors x ∈ K 0 (R) such that χ(x) = 0 or χ(x) = 1 is definable in the language of Presburger arithmetic. That x = (x 1 , . . . , x n ) ∈ K 0 (R) is positive is expressed by saying x i ≥ 0 for 1 ≤ i ≤ n. That x = (x 1 , . . . , x n ) ∈ K 0 (R) is connected is expressed by saying that if x i > 0 and x j > 0 then there is some path P in Q 0 between i and j such that for all vertices k in P , x k > 0. By [Rin84, 5.2.6, pg 278], mod − R is controlled by χ. Thus any connected positive dimension vector with χ(x) = 0 or χ(x) = 1 is the dimension vector of an indecomposable module and all dimension vectors of indecomposable modules are of this form. Thus we have shown that the set of dimension vectors of finite-dimensional indecomposable modules over R is definable in the language of Presburger arithmetic.
ǫ>0 Zg R \C (q−ǫ,q+ǫ) . Since (ϕ i /ψ i ) is compact, there exists some ǫ > 0 such that (ϕ i /ψ i ) ⊆ Zg R \C (q−ǫ,q+ǫ) . Thus there is some finite-dimensional indecomposable module M with slope in (a, b) such that M ∈ (ϕ/ψ) and M / ∈ n i=1 (ϕ i /ψ i ).
Lemma 8.5. There is an algorithm which given w, v 1 , . . . , v n ∈ Z m and a < b ∈ Q ∞ 0 answers whether there is an indecomposable finite-dimensional module X with slope in (a, b) such that w · dimX > 0 and for 1 ≤ i ≤ n, v i · dimX = 0.
Proof. Note that there are vectors g 0 and g ∞ such that for all x ∈ Z m , h 0 , x = g 0 · x and h ∞ , x = g ∞ · x. Thus x ∈ Z m has "slope" in (a, b) if and only if −(g 0 ·x)/(g ∞ ·x) ∈ (a, b). This statement can be easily rewritten in the language of Presburger arithmetic. In 8.3, we showed that set of dimension vectors of indecomposable finitedimensional modules over R is definable in Presburger arithmetic. Thus, since Presburger arithmetic is decidable, there is an algorithm which decides whether there is an x ∈ Z m such that x is the dimension vector of an indecomposable finite-dimensional module over R, x has slope in (a, b), w · x > 0 and for 1 ≤ i ≤ n, v i · x = 0. 9. Decidability for theories of modules over canonical algebras of tubular type
In this section we combine the results of the previous sections in order to prove that if R is a canonical algebra of tubular type over a recursive algebraically closed field then R has decidable theory of modules.
Theorem 9.1. Let R be a canonical algebra of tubular type over a recursive algebraically closed field. The common theory of R-modules is decidable.
Proof. It is enough to show that there is an algorithm which, given pp-pairs ϕ/ψ, ϕ 1 /ψ 1 , . . . , ϕ n /ψ n , answers whether
First we show that there is an algorithm which answers whether there is an indecomposable pure-injective N of positive non-infinite slope with N ∈ (ϕ/ψ) such that N / ∈ n i=1 (ϕ i /ψ i ). By 7.16, there is an algorithm which, given ϕ/ψ, ϕ 1 /ψ 1 , . . . , ϕ n /ψ n , outputs 0 = q 0 < q 1 < . . . < q m < q m+1 = ∞ and v j ,w ij such that for all 0 ≤ j ≤ m and all indecomposable finite-dimensional modules N with slope in (q j , q j+1 ), By 8.4, if there is an indecomposable pure-injective module N with slope in (q j , q j+1 ) such that N ∈ (ϕ/ψ) and N / ∈ n i=1 (ϕ i /ψ i ) then there is a finite-dimensional indecomposable module with slope in (q j , q j+1 ) such that N ∈ (ϕ/ψ) and N / ∈ n i=1 (ϕ i /ψ i ). Thus, by 8.5, we can effectively answer whether there is an indecomposable pure-injective module N with slope in (q j , q j+1 ) such that N ∈ (ϕ/ψ) and N / ∈ n i=1 (ϕ i /ψ i ). By 5.3, there is an algorithm which, for each 1 ≤ j ≤ m answer whether
It now remains to answer whether there is an indecomposable pure-injective module N ∈ P 0 ∪ C 0 or N ∈ C ∞ ∪ Q ∞ such that N ∈ (ϕ/ψ) and N / ∈ n i=1 (ϕ i /ψ i ). Since P 0 ∪ C 0 ⊆ E 0 ∪ E 1 and C ∞ ∪ Q ∞ ⊆ E ′ 0 ∪ E ′ 1 , it is enough to check if there is an indecomposable pure-injective module N ∈ E 0 ∪ E 1 or N ∈ E ′ 0 ∪ E ′ 1 such that N ∈ (ϕ/ψ) and N / ∈ n i=1 (ϕ i /ψ i ). For this we refer to 6.10 and 6.14.
Remark 9.2. Our results, in fact, get very close to proving that all nondomestic tubular algebras have decidable theory of modules. That is, we describe an algorithm which given a sentence in the language of R-modules, decides whether that sentence is true for all modules with slope in (0, ∞). In [AHK15] Angeleri-Hügel and Kussin give a complete description of the indecomposable pure-injective modules of slope 0 and slope ∞ over all nondomestic tubular algebras. So, although our proof will not directly transfer to the case of all non-domestic tubular algebras, it seems very likely that they will also have decidable theories.
